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Developing a quantum light source that carries more than one bit per photon is pivotal for expanding quantum
information applications. Characterizing a high-dimensional multiple-degree-of-freedom source at the single-
photon level is challenging due to the large parameter space as well as limited emission rates and detection
efficiencies. Here, we characterize photon pairs generated in optical fiber in the transverse-mode and frequency
degrees of freedom by applying stimulated emission in both degrees of freedom while detecting in one of them at a
time. This method may be useful in the quantum state estimation and optimization of various photon-pair source
platforms in which complicated correlations across multiple degrees of freedom may be present.
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1. INTRODUCTION

Developing an efficient quantum light source [1-3] that can
carry more than one bit of information per photon is crucial for
expanding quantum information applications in communication
[4,5], computation [6], and metrology [7-9]. Optical fiber-based
photon-pair sources [1] are an attractive platform that promise3s
easy integration with existing fiber networks and correlations
across multiple high-dimensional degrees of freedom (DOF)
such as time, frequency, and transverse spatial mode [10-12].

Nevertheless, exploiting such multi-dimensionality requires
non-trivial state characterization [1,13,14]. This characteri-
zation can be challenging to implement with conventional
spontaneous-emission measurements including quantum state
tomography (QST) [15]. The detection needs to span the entire
multi-DOF space [10,16,17], potentially aided by extended
QST methods such as adaptive quantum state tomography
[18,19], self-guided tomography [17,20], and compressed sens-
ing [21,22]. Moreover, the coincidence-counting measurements
involved often require single-photon sensitivity [23,24], long
integration times [10,12], and a large number of projective
measurements [16,17].

Stimulated-emission tomography (SET) [14,25-27] can
speed up characterization through both stimulation and detec-
tion in multiple DOFs. The measurements employ classical seed
light that stimulates the photon-pair generation process. The
higher count rates of the stimulated process lead to more effi-
cient tomography [25]. These stimulated measurements have
previously been applied to a single DOF, such as polarization
[27], frequency [25,26,28], and transverse spatial mode [29-32],
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and multiple DOFs including polarization-frequency [14], and
polarization-path [33].

In this work, we extend this effort to introduce a multi-
dimensional characterization method that can be applied to
sources with correlations in multiple high-dimensional DOFs,
in particular transverse spatial mode and frequency. We utilize
a few-mode polarization-maintaining fiber source that produces
photon pairs correlated in transverse mode and frequency via
spontaneous four-wave mixing (SFWM) [10-12]. We imple-
ment stimulated emission in multiple DOFs (transverse mode
and frequency), but detect in one DOF at a time (transverse mode
or frequency) [34]. See Fig. 1 for a graphical representation of
the overall experimental concept. We use a seed beam shaped
in transverse mode and frequency [29,35-37] to stimulate the
four-wave mixing (FWM) process, and measure the transverse-
mode images and spectra of the stimulated signal using a camera
and a spectrometer. Because the transverse modes and spectral
modes are correlated, transverse-mode-resolved joint spectral
intensities (JSIs)—an inter-DOF—can be used to investigate
the transverse-mode quantum state—intra-DOF—of the photon
pairs. The acquired inter-DOF coherence information can thus
yield the intra-DOF coherence information.

This method reduces the number of measurements while still
providing the coherence information across multiple DOFs. Our
result also shows that stimulated-emission imaging [29,31] can
be achieved in fiber platforms, exhibiting a real-time monitoring
capability. Consequently, this method can be used in conjunction
with quantum state tomography to estimate the quantum state
and diagnose the underlying causes of deviations from the target
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state in each DOF. Our method of extracting multi-dimensional
information via stimulated emission using detection in one
DOF can immediately aid in optimizing various photon-pair
source platforms [1,6,38—42] where complicated correlations
arise across multiple DOFs and generation processes.

2. THEORY
2.1. Transverse Spatial Modes in Few-Mode PMF

Linearly polarized modes are the transverse spatial modes sup-
ported in a conventional cylindrically symmetric optical fiber
that satisfies the weakly guided approximation [43]. These
modes are denoted as LP,,,,, where [, m, and g are the azimuthal,
radial, and parity indices describing their modal structures
[11,43]. Inthis paper, we consider a few-mode PMF that supports
three LP modes: |LPy,) = |g), |LP,..) = |e), and |LP,;,) = |0)
[see Fig. 1(a)]. As transverse-mode basis states, these three
LP modes can be combined to form superposition states, e.g.,
|d,a) = (|e) £ [0)) /¥V2 and |r,I) = (|e) £ilo)) /V2 as shown
in Fig. 1(a). The modes are then further affected by the two
types of birefringence in the PMF: a polarization birefringence
A = n* — n’ between the slow (x) and fast (y) axes of the PMF and
a parity birefringence A” = n° — n° between transverse modes
with even (e) and odd (o) parities. Figure 1 shows how the slow
(x) axis of the PMF is oriented along the vertical direction and
the mode |e) intensity lobes.

When characterizing the photon-pair generation process in a
few-mode PMF, it is important to accurately describe the prop-
erty of a transverse mode at a given wavelength. For this purpose,
we define an effective refractive index, which takes into account
the transverse geometrical effect of the optical fiber (7,,) as well
as its material dispersion property (w, ): n’r = ns(w,, T, ), where
v indicates pump p, signal s, or idler i; and 7, and w, indicate
transverse mode and frequency, respectively. Using this conven-
tion in the xx—yy cross-polarized scheme [11,44], in which the
pump is polarized along x and the signal and idler are polarized
along y, the effective refractive indices of the |e) and |o) modes
can be represented as the following: ny" = ny + A, n)" = n5* + A,
n = n¢,and n); = ng, + AP

S0 8,0

2.2. Four-Wave Mixing in Few-Mode PMF

Utilizing the transverse modes, the few-mode PMF can generate
photon pairs correlated in transverse mode and frequency
[10-12] through a nonlinear optical process called SFWM [45].
The SFWM process relies on the y® nonlinear optical suscep-
tibility of the fiber to annihilate two pump photons (p,, p,) and
create a signal (s) and an idler (i) photon pair. For this nonlinear
process to occur, it needs to satisfy a phase-matching condition,
which is determined by the energy (Aw = 0) and momentum
conservation (Ak = 0) constraints, with

Aw = Wy, + Wy, — W, — w;,
Ak =k, +k,, —k;—ki—ky,

_ Wy, W,
- ”(‘”pw Tm)T + n(a)pz, sz)T
(w0 T = n(wp T = ko, (1)
C C

where w,, T,, k, are the angular frequency, transverse mode,
and wavenumber, respectively, of v = {p,, p,, s, i}, c is the speed
of light, and ky; is the nonlinear contribution from self- and

.f}(wX$ (l),') ~ a(w.v’ wi) Sinc(%Akj)e
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cross-phase modulation [44]. Among the different types of
SFWM that Eq. (1) can represent, in this paper, we concentrate
on the xx—yy cross-polarized birefringent phase-matching with
frequency-degenerate pumps (w, = w,, = wW,,) to take advan-
tage of the reduced Raman scattering noise and the number of
possible SFWM processes [44,46,47]. Additionally, since the
effective refractive index n(w,,T,) depends on the transverse
mode (7,) and frequency (w, ), the phase-matching condition
in Eq. (1) will vary for different combinations of the two. This
can lead to photon pairs in different transverse modes acquiring
dissimilar frequencies as shall be shown in Section 4.

2.3. Quantum State Representation of Photon Pairs

With the fundamentals of the transverse modes and SFWM
introduced, we can now express the quantum state |¥) of
the photon pair created from the few-mode PMF. Assuming
cross-polarized birefringent phase-matching and frequency-
degenerate pumps, the signal-idler photon pair |;) can be
generated in a superposition of N distinct SFWM processes
as

N N
|¢Si> = Z / dws dwi cf|w.cwi9 TsTi’ Yy, .. >/ = Z C/ ® |TSTi>js
J J

(2
where the prefactors weighting each process j are
G = Mc,/' VPm.fPVziﬁ(ws’ wi)Oj(Tm ’ Tﬁz’ T, T,),
C = /dwx dw; ¢jlw,w;, yy, . . ). (3)

Here, |w,w;, T, T, yy, . . .); represents the signal—idler state from
SFWM process j in transverse mode, frequency, polarization,
and other implicit degrees of freedom, e.g., position, time, etc.
This expression is simplified as C; ® |T,T;); to highlight the
transverse-mode contribution. The prefactors ¢; and C;, which
determine the relative amplitude and phase of each SFWM pro-
cess j, are functions of average pump power P, ,;, joint spectral
amplitude (JSA) f}(w;, w;), and transverse-mode overlap integral
0(T,,,T,,,T,,T;). Here O; quantifies the spatial overlap of the
four transverse modes participating as defined in Ref. [11]. Here
M,; is the normalization constant satisfying (y|¢) = 1.

The JSA fj(w;, w;), which contains information about spectral
correlations between signal and idler photons for each SFWM
process [1,10-13,48], is defined and linearly approximated as
[44]

Flonw) = / Ao, (w0, ) (s + s = )6 (ws, )
~ O,’((/.)S, wi)‘Pj(ws’ wi)’ (4)

where a(wy,w;) is the pump spectral envelope function and
¢j(w,, w;) is the phase-matching function specific for j. For
degenerate pumps, the JSA can be linearly approximated to
8% where L is the length of
the fiber and Ak; is the phase mismatch for the process j as
defined in Eq. (1). For non-degenerate pumps, while the JSA
can be linearly approximated in the same form as Eq. (4), it
is also a function of the temporal walk-off between the two
pumps [49,50]. In our system, a(w,,w;) and ¢;(w,, w;) deter-
mine the spectral widths of the JSA peak along the diagonal and
anti-diagonal directions, respectively. In this paper, we measure
the JSI |f(w;, w;)|*. The joint spectral phase (JSP) is defined
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Fig. 1. Experimental concept. (a) Intensity distributions of three linearly polarized (LP) modes supported in polarization-maintaining fiber
(PMPF), |g = LPy,), e = LPy}.), and |o = LP;},), and two modes in superposition, |d) = (|e) + [0))/V2 and |r) = (|e) + i|0))/V2. (b) In our
experiment, pump and seed (= idler) in a particular spatiospectral combination stimulate the generation of signal—idler photon pairs in specific
modes (indicated with braces) among all observable spontaneous four-wave mixing processes labeled A-D (faded out in gray). The stimulated
signal photons are measured with a camera or a spectrometer and used to estimate the quantum state of the signal—idler photon pairs.

as arg{f;(w,,w;)}. See Supplement 1 for a more comprehen-
sive explanation of the factors in Eq. (3) and the quantum state
representation of the pump.

The fiber parameters for the PMF considered here (Fiber-
core HB80OC) are obtained through genetic algorithm analysis
[10] to be: fiber core radius r = 1.74 um, numerical aper-
ture NA = 0.17, A = 2.37 x 107*, A? = 4.41 x 107*. With these
parameters and the three transverse modes (|g), |e), and o))
for the pump, signal, and idler, only 10 out of 15 SFWM
processes satisfy orbital angular momentum (OAM) and par-
ity conservation and therefore are experimentally realizable
[10,11]. Considering only the |e) and |o) modes, five of the
above SFWM processes are viable with the following transverse
mode combinations (7},,,7,,.T,,T;): A (e,0,0,¢€), B (0,0,0,0),
C(e,e,e,e),D(e,0,e,0),andE (0, 0, ¢, ), where the labels A-E
will be used throughout the paper to indicate the corresponding
processes.

Using the formalism introduced earlier in Eqgs. (2) and
(3), these five FWM processes can be obtained with the two
pumps in superpositions of |e) and |o) transverse modes, i.e.,
l¥,) = ¥,,) = [¥,,) = A.le,) + A,|o,) given that we do not have
individual control over the two pumps. The quantum states of
the pumps |¢,,,,) and the signal-idler photon pairs |¢,;) can be
represented as

|¢1’|F2> = |¢p>®2 = Bee|emeﬂz> + 23e0|eﬁlopz> + B,,(,|0p10,,2>, (5)

|¢ri> = Cee|esei> + Ceo|esoi> + Coelosei> + C00|0s0i>9
where A; and B; are prefactors similar to C; (see Supple-
ment 1 for details; these are different from the FWM process
labels, A, B, and C). Here, ® between A;, B;,C;, and | - - - ); are
omitted for simplicity. Notice that B,,|e, 0,,) = B,.|0,¢,,) is
satisfied due to their indistinguishability, resulting in an extra
factor of 2 before the B,, pump term and the correspond-
ing C,, and C,, signal-idler terms, implicitly through P, ; in
Eq. (3).

Stimulated emission provides an efficient way to character-
ize the state in Eq. (5) using either the signal or idler as a
seed. By controlling the transverse modes and frequencies of
the pump and the seed (idler), individual FWM process(es), and
thus the photon-pair state in Eq. (5) can be selectively excited
[see Fig. 1(b)]. This is equivalent to applying a projection opera-
tor |w;, T;, ), {w:, T:, yl;,» which describes the idler of process jo,
to |¢,;) in Eq. (5) to obtain the stimulated photon state |wy, T}, y);, -

This process is highly efficient [14,34] when used in conjunction
with a classical seed beam since the stimulated photon number
is linearly proportional to the seed photon number [25,26]. This
requires sufficiently well-defined pump (7,,, 7,,) and seed (T;)
transverse modes as well as a narrow spectral bandwidth seed
(wy), as will become clear in the following sections.

3. METHODS

We use the experimental setup shown in Fig. 2 to character-
ize our fiber-based photon-pair source in both transverse mode
and wavelength via stimulated emission. An optical parametric
oscillator (OPO) (Inspire HF100) generates a pump beam with
~ 200 fs pulse width, 80 MHz repetition rate, § mW average
beam power, and 620 nm center wavelength. We couple this
pump into a 10 cm-long few-mode PMF (HB80OC, Fibercore)
with its polarization along the slow axis (x) for cross-polarized
SFWM photon-pair generation as described in Section 2. A con-
tinuous wave (CW) ring dye laser (Coherent 899) generates a
classical seeded idler beam with narrow 2 GHz linewidth and
2 mW average beam power that is wavelength-tunable around
570 nm. We couple this seed beam into the same PMF with
its polarization along the fast axis (y) to stimulate the FWM
processes.

In order to selectively excite and stimulate specific FWM pro-
cesses, it is crucial that we precisely control the spatial, spectral,
and polarization states of the pump and the seed. We employ
reflective phase-only spatial light modulators (SLM) (Holoeye
Pluto 2), seed laser wavelength calibration with a spectrom-
eter (Andor SR303i with iDus 420), and polarization optics
to control the respective DOF. Spatially, we use the SLMs to
shape the pump [51] to |d) and the seed to |e), |0), and |d)
for Section 4. In addition to the standard transverse-mode con-
trol techniques involving computer-generated SLM phase masks
[23,35-37,52,53], we adjust the phase mask iteratively until
only one FWM process (spectral peak) is observed at a time in
the spontaneous or stimulated FWM spectrum. Spectrally, we
calibrate the seed laser wavelength scan with a spectrometer
(see Supplement 1 for the calibration result). The interference
filters spectrally shape the pump to approximately 2 nm full-
width at half-maximum (FWHM) centered around 620 nm and
filter the stimulated signal to a broad (670 to 700 nm) range
or a narrow ~ 1 nm FWHM range depending on the appli-
cation. Other optics including wave plates, linear polarizers,
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Fig. 2. Experimental setup. Spatiospectrally structured pump and seed beams stimulate a particular photon-pair state in optical fiber that is
further detected with a spectrometer or a CMOS camera. The inset shows the slow (x) and fast (y) axes of the PMF. Here p, pump; d, seed; st,
stimulated signal; IF, interference filter; SF, spatial filter consisting of a pinhole and a convex lens pair; Q, quarter-wave plate; H, half-wave
plate; P, linear polarizer; M, mirror; SLM, spatial light modulator; DM, dichroic mirror; Col, collimator; STyy,, xyz-translation stage; PMF,
polarization-maintaining fiber; FM, flip mirror; SM (A), spectrometer; PM (W), power meter.

and pinhole spatial filters supplement the beam preparation for
accurate FWM process excitation.

For a full characterization of all the FWM processes, we
scan the seed wavelength in the (567 to 576 nm) range in
steps of 0.05 nm. For a given seed wavelength, these stimulated
photons are measured in two degrees of freedom, switchable
via a flip mirror: wavelength with a spectrometer and trans-
verse mode with a CMOS camera (Thorlabs CS505MU) using
16 px x 16 px pixel binning. A power meter at the PMF output
normalizes the measured data with the seed power. These spec-
tral and spatial data are then used to reconstruct the JSI [26] and
resolve the corresponding transverse-mode state, respectively,
i.e., transverse-mode-resolved JSI.

4. RESULTS
4.1. Transverse-Mode-Resolved JSI

Using the methods described in Section 3, we measure
transverse-mode-resolved JSIs. Figure 3 shows the measured
JSI plots of the photon pairs and the transverse-mode images
of the stimulated signal photons. The signal transverse modes
are imaged with exposure times of 200 ms for Figs. 3(a) and
3(b) and 400 ms for Fig. 3(c). Narrow signal spectral filters
(~1 nm FWHM) are used to isolate individual FWM pro-
cesses. Note that the states of the stimulated signal (s) and the
seed (d) will reflect those of the spontaneously generated signal
(s, around 680 nm) and the idler (i, around 570 nm) photons,
respectively.

We vary the seed transverse modes to |e), |o), and |d)
[see Figs. 3(a)-3(c)] while keeping the pump mode at |d) =
(le) + |0))/V2. This choice of seed transverse mode as well
as its wavelength changes the JSI and the stimulated signal
transverse mode, which helps isolate different FWM processes.
Specifically, only the FWM processes that involve the given
idler (seed) transverse mode and wavelength manifest in the JSI
plot and the signal images. For example, with |e) (Jo)) seed
and |d) pump, only the A and C (B and D) processes are stim-
ulated, as shown in Fig. 3(a) [Fig. 3(b)]. On the other hand,
with the seed in superposition state |d), all of the four FWM
processes are stimulated, as shown in Fig. 3(c) (process E is
outside our spectral range of interest and expected to appear
at (4, 4,)r ~ (730,540), nm). Through further measurements
with |e) and |o) pumps to resolve the remaining ambiguity in
the pump transverse modes, we can conclude that each JSI lobe

o D> T, T,~) FWM process as labeled in
Fig. 3: A (e,0,0,¢), B (0,0,0,0), C (e,e,e,e), and D (e, 0, €, 0).
To determine the center signal and idler wavelengths (4;, 4;); of
the corresponding process, we fit each JSI lobe with a Gaus-
sian function giving: (680.7,568.1), nm, (678.7,570.0)z nm,
(677.2,571.6)c nm, and (675.3,573.3), nm. Remarkably, this
characterization is also possible in real time (see Visualization 1
and Visualization 2), similar to Ref. [31] with free-space non-
linear crystals. Supplement 1 provides more information on the
characterization efficiency and the relative intensities of the JSI
lobes and their relation to the transverse-mode overlap integral
0.

This characterization capability is instrumental in assessing
the degree of spectral overlap among different FWM processes,
which is essential for creating transverse-mode entanglement as
we investigate in Section 4.2. The FWM processes are spectrally
separated in the JSI due to different phase matching conditions
and effective refractive indices of transverse modes, as explained
in Section 2. Consequently, this means that the quantum state of
a signal—idler photon pair expressed in the transverse-spectral-
mode basis, |¥,;) = ijd/ls da; ¢;|T,T;, A,A;); where j denotes a
FWM process, becomes a mixed state in the transverse-mode
basis with the spectral DOF is traced out, i.e., a reduced density
matrix, pg; = try(oy) = 2, GITT)(T,T;|;.

‘We now turn our attention to the processes B and C. We dis-
covered that in order to explain the spectral separation between
B and C, apparent in Fig. 3(c) and consistently observed in
previous studies [54,55], a new correction parameter called par-
ity birefringence dispersion ¢ needs to be introduced. Without
such correction, the numerical simulation may incorrectly pre-
dict the two FWM processes to completely overlap in JSI [see
Fig. 4(a)], which is instrumental for enabling transverse-mode
entanglement [40,54-56]. For simplicity, here we assume that
¢ is a constant describing the difference between the signal and
the idler parity birefringences, i.e., § = AY — A”. With numerical
simulation, we vary ¢ and observe the change in JSI, as shown
in Fig. 4. We find the non-zero dispersion of § ~ 3 x 107 [see
Fig. 4(c)] best explains the experimental results presented in
Fig. 3(c). Although ¢ is an order of magnitude smaller than
A? (~ 107™), it contributes significantly to the spectral distin-
guishability between B and C processes, as shown in Fig. 4.
The remaining discrepancies between the experimental data
and numerical simulation arise due to imperfect estimation of
the fiber parameters. Therefore, more accurate analysis using
a full genetic algorithm calculation [10,11] along with precise

is associated with a (7,,,, 7,
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Fig. 3. Transverse-mode images (top subpanels) of the stimulated signal and JSI plots (bottom subpanel) of the FWM processes for different
seed transverse modes, (a) |e), (b) |0), and (c) |d). The pump transverse mode is fixed to |d). Each FWM process (A-D) with transverse modes
(Tp,, T,,, T, T;) is specified with a solid 1/ &> two-dimensional Gaussian fit contour. The transverse mode images are captured with camera
exposure times of (a,b) 200 ms and (c) 400 ms at the JSI peaks with narrow spectral filters on the stimulated signal to block other FWM
contributions. The intensities of all the transverse mode images and JSI plots are normalized to one. See Visualization 1 and Visualization 2

for a real-time movie and an animated version of this data.

measurement of ¢ as a function of wavelength may help improve
the agreement.

4.2. Transverse-Mode Quantum State Estimation from
Transverse-Mode-Resolved JSls

Building upon the characterization results described in Section
4.1, we apply stimulated emission to characterize a fiber source
that generates photon pairs with partial transverse-mode entan-
glement. This characterization allows us to numerically estimate
the quantum state of the photon pairs created in the transverse-
mode basis. Through this process, we identify potential factors

that can degrade the transverse-mode entanglement and find
ways to optimize the source accordingly.

To create a maximally entangled transverse-mode Bell state in
our system [54,55], [¢,;) = (lese;) + |0,0;)) / V2, indistinguisha-
bilities between |e,e;) and |o,0;) in all other degrees of freedom
are necessary, i.e., C, = mC,, [see Eq. (3)], where m is a
constant. Consequently, the JSIs [Eq. (4)] need to satisfy the
following overlap condition at the desired frequencies, w, and
w;: |foe(ws, a),-)|2 = [ﬁ),)(w_y,w,-)f. For this, we employ a shorter
cross-spliced PMF (2.5 cm x 2, HB800C) with the same exper-
imental setup used in Section 3. The smaller the fiber length L,
the wider the spectral bandwidth of the phase-matching function


https://doi.org/10.6084/m9.figshare.27629928
https://doi.org/10.6084/m9.figshare.27629910

Research Article

Vol. 3,No. 3/25 June 2025/ Optica Quantum 233

(@)éd=0 (b)6 =1.5x%x107° (c) §=3x10"°
684 : : : :
(e,0,0,€)
— (e,0,0,e) >"
g 682 - : I,(ﬂ 5 ’/ (0,0,0,0)
= s
(0,0,0,0)
_gb 630 | /, /, 0,0,0,0
X ,/A,/
Qo VR
% 678 | ,’/,’
S .
T 676 |
%0 D,
674 1 (e,é,e,e) L (e,e,e.e)
(e,0,e,0) \(e,o,e,o) \(e,o,e,o)
568 570 572 574 568 572 574 568 570 572 574

Idler wavelength (nm)

Idler wavelength (nm)

Idler wavelength (nm)

Fig. 4. Numerically simulated JSI plots for varying parity birefringence dispersion, 6: (a) 0; (b) 1.5 x 1073; and (c) 3 x 1075, The solid and

dashed 1/e? contours correspond to the SFWM processes labeled (A-D) and (7, , T,

o1 Tpy» Ts, T;). Increasing the parity birefringence dispersion

¢ increases the spectral separation between C (e,e,e,e) and B (0,0,0,0) by translating A (e,0,0,e) and B (0,0,0,0) (dashed) toward the top left.

The pump is fixed to |d).

¢(w;, w;) (see Section 2.3) and thus the more spectral overlap
arise along the anti-diagonal direction in the JSI. Cross-splicing,
where we fusion splice two 2.5 cm-long PMFs such that the sec-
ond fiber’s slow axis is aligned along the first fiber’s fast axis,
helps compensate for temporal walk-off between the |e) and |o)
modes [57].

With a shorter fiber for spectral indistinguishability and
cross-splicing for temporal indistinguishability, we measure
transverse-mode-resolved JSIs as in Section 3. To identify the
FWM processes, similar to Fig. 3, we conduct a series of
measurements with five different pump-seed transverse-mode
combinations (e-e, 0-0, d-e, d-o, and d-a). Figure 5(a) shows the
measured JSI with the pump in |d) and the seed in |a), where we
have labeled the spectral peaks with the associated transverse
modes (7),,, T,,, T, T;) and FWM processes as before. The solid
curves in Fig. 5(a) again represent the 1/e® contours of the two-
dimensional Gaussian curve fittings (goodness of fit R* ~ 0.9).
The B and C contours exhibit some spectral overlap, promising
some transverse-mode entanglement at the intersection. Com-
pared with Figs. 3(a)-3(c), in Fig. 5(a), the four processes A,
B, C, and D are positioned much closer despite considering the
fiber length change effect—A and D are located fully inside B
and C. Here, we attribute this deviation to the difference in fiber
parameters. Even for the same type of fiber, HBS8OOC, the fiber
parameters can vary spool to spool, which may result in differ-
ent FWM peak positions. Here, given that the fibers used for
Figs. 3(a)-3(c) and 5(a) are from different spools, we identify
that this shorter PMF likely has a smaller parity birefringence
A ~ 1 x 107 compared with that used in Section 4.1.

Before estimating the signal-idler quantum state with our
stimulated emission approach, for reference, we measure the
state using a conventional transverse-mode QST [15]. Specif-
ically, we project the signal—idler transverse-mode states into
six mutually unbiased measurement basis states (e, 0,d, a,r,[)
and conduct 36 coincidence measurements (ee,eo,...,Ir,Il)
[15,38,55,58—60] by installing an additional SLM, single-mode
fibers, single-photon detectors, and a coincidence counter in
the detection part of the setup in Fig. 2 (see Supplement 1 for

more details). Figure 5(b) shows the measured density matrix
Posr With partial transverse-mode entanglement quantified by
concurrence = 0.27 + 0.03. It has a fidelity, or closeness, to the
target Bell state of 0.48 + 0.02 and a purity of 0.52 + 0.01. As
with typical quantum state tomography results, we can only
roughly ascribe the low concurrence, fidelity, and purity to low
lee){oo| and |oo){ee| off-diagonal cross terms and non-zero
|oe){oe| and |eo){eo| on-diagonal components each describing
the coherence and purity of |ee) and |oo) states, respectively.
We can hypothesize the origins of such contributions, but it will
be challenging to trace and verify them experimentally with-
out conducting additional measurements. The errors presented
here are computed from 10* randomly sampled density matrices
assuming Poissonian noise in the coincidence counts for QST.
To compare with the QST, we estimate the transverse-mode
density matrix pgz from the transverse-mode-resolved JSI,
which can provide additional information about the sources
of low concurrence, fidelity, and purity. We start the estima-
tion procedure by characterizing the transverse-mode density
matrix 0,,,(A, ;) (P(ws, ;) in the signal-idler wavelength
(frequency) space. Using spectral decomposition [61], the full
density matrix at given signal and idler wavelengths can be
represented as a linear combination of density matrices p; as
ptot(ﬁs’ )'1) = Zj mjpj(/lm Ai)v where each P = |¢j><¢j| describes
a pure quantum state |J;) of a FWM process j satisfying the nor-
malization condition Zj m; = 1 with m; > 0. For example, p3,
Pc, and ppne each represents a pure signal—idler state within the
boundary of the process B, C, and the intersection of B and C,
respectively, where |z) = Cp ® |00)s, |Wc) = Ce ® |ee)c, and
[Wgnc) = Ce ® |ee)e + Cp ® |00)p. In general, if N-FWM pro-
cesses exist, there will be 2¥ — 1 binary combinations of 0
that specify whether a given signal—idler wavelength coordinate
lies inside or outside of a certain FWM process. Represent-
ing each FWM process with a two-dimensional Gaussian fitting
function as shown in Fig. 5(a) simplifies the density matrix cal-
culation at a given signal-idler wavelength domain and thus
the estimation procedure. Then, we integrate all these point-
wise density matrices in the given signal-idler spectral range
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Fig. 5.

the two-dimensional Gaussian fits for FWM processes (7, , T,

(a) The JSI plot of a (2.5 cm x 2) cross-spliced PMF with the pump in |d) and the seed in |a). The 1/e* contours (solid lines) show

1 Tpy» Ts, T;). (b),(c) Density matrices describing the transverse-mode quantum state
of the photon pairs created: (b) pgsr measured with a transverse-mode QST and (c) psg estimated from the stimulated-emission measurements
in (a). The fidelity F between the two density matrices is 0.73, which increases to 0.85 when disregarding the phase.

experimentally defined by interference filters, thereby produc-
ing a single transverse-mode density matrix we name pgp.
In other words, ps: is a reduced density matrix p? in the
transverse-mode domain, where the spectral DOF is traced out:
Pse = ptTot = tr/l(pmt(/l.w /l,)) = /d/l\ d/l, pmt(/l.w /1,)

Figure 5(c) shows the stimulated-emission estimated density
matrix pg; using this calculation accounting for the interference
filters used in the QST measurement (the full range shown in
Fig. 5(a); A; = [567.5,574.5] nm, A, = [673.0,681.0] nm). Here
pse exhibits concurrence = 0.00, Bell fidelity = 0.48, and purity
= 0.40. Except for the relative amplitude of |ee){ee| and |eo){eo|
elements, overall, psz shows a similar trend as the quantum state
tomography result, posr—high |ee)(ee| and |0o){oo|, non-zero
lee){oo| and |oo){ee| coherent interaction elements, and other
residual elements. Quantitatively, the fidelity F that describes
the degree of similarity between the QST and stimulated-
emission estimated states is F(pgsr, psz) = 0.73. pse provides
a closer estimation if the phase information can be ignored,
i.e., F(|pgsr|, pse) = 0.85. This is related to the current phase
measurement limitation of our method as shall be discussed
later in Section 4.3.

Despite the remaining discrepancies, psz can still provide
sufficient information to deduce potential factors leading to low
transverse-mode entanglement, namely, the presence of spec-
tral distinguishabilities among the FWM processes. Within the
given spectral window in Fig. 5(a), imperfect spectral overlap
between the processes B and C can be observed, as well as
the presence of other processes A and D. Based on the pre-
vious discussions, we can realize that in the transverse-mode
basis, spectral overlap between the two processes gives coher-
ence (off-diagonal components in the density matrix), whereas
spectral separation gives incoherence (no off-diagonals, leading
to a mixed state). Therefore, between |0o) (B) and |ee) (C), we
can logically predict that the density matrix will have slight oft-
diagonal coherence from the B—C overlap in the JSI, as well as
the mostly on-diagonal incoherence from the remaining spec-
trally non-overlapping regions. Similarly, examining the JSI plot
in Fig. 5(a), we can infer that while |eo) (D) and |oe) (A) will not
have off-diagonal elements, they will have non-zero oft-diagonal

values with |oo) (B) and |ee) (C), respectively [see Fig. 5(c)].
Ultimately, all these factors contribute to low transverse-mode
entanglement. As such, the stimulated-emission method can help
probe spectral distinguishabilities that are challenging to assess
solely based on the transverse-mode QST result.

Considering the spectral origin, we may now think about
tailored strategies to optimize the source for higher transverse-
mode entanglement, that is, lowering the spectral distinguisha-
bility. In principle, we can do so by choosing a narrower spectral
window that focuses on the B—C intersection area at the cost of
reduced counts. Since we can choose an arbitrary spectral win-
dow when calculating ps:, we can easily simulate to determine
the optimal filtering strategy. For example, making a 1.5cm X 2
fiber source out of the Section 4.1 fiber and using a square-
shaped 1 nm-wide spectral window centered at B-C intersection
can produce a photon-pair state with concurrence = 0.82, Bell
fidelity = 0.91, and purity = 0.84. More fundamentally, we may
engineer the phase-matching [62] to increase the B—C overlap
while decreasing the A and D contributions.

4.3. Discussion on Possible Improvements

The aforementioned difference in quantitative measures (con-
currence, Bell fidelity, and purity) between pysr and pge can
be explained by the following assumptions made in the calcu-
lation, which may improve with adequate treatments. First, we
assume a Gaussian phase-matching function instead of the more
accurate sinc (degenerate pumps) and complex error functions
(non-degenerate pumps) described in Section 2.3. A Gaussian
function can underestimate the spectral overlap that may origi-
nate from the tails of the sinc and non-degenerate pump functions
[44], reducing the overall entanglement. As a resolution, we may
fit each FWM process with an accurate phase-matching function
model accounting for the pump degeneracy (B, C: degenerate,
A, D: non-degenerate). Alternatively, we may directly use a
non-fitted raw JSI data that could be measured by exciting only
one FWM process at a time using a precise transverse-mode
control. Second, we assume a flat JSP for all the FWM pro-
cesses involved. This lack of phase information can explain
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why the imaginary part of the pg: is zero even though that of
the pgsr is not. This can be addressed by measuring the JSP
experimentally utilizing phase-sensitive interference effects as
in Refs. [1,28,63,64]. The measured JSP will include informa-
tion about the relative phase of each FWM process through
complex-valued ¢; o« f; oc €SP [see Eq. (3) and Supplement 1
for more details]. Third, we assume we have accounted for all
the FWM processes within the spectral range. As shown in the
upper-left corner of Fig. 5(a), there exists a signature of a stimu-
lated signal that may be associated with FWM processes (outside
A-D) involving |g) modes caused by imperfect spatial-mode
control. Although the quantum state tomography [Fig. 5(b)]
should be able to filter out the |g)-mode photon pairs sufficiently
[23], imperfections may still contribute to errors in measuring
posr- Thus, conducting a qutrit (|g), |e), |0)) QST [59] may help
probe the full spatial dimension of the few-mode PMF used. As
detailed below, stimulated-emission tomography [14,25,27,33]
with sufficient spatiospectral control may also aid with faster
acquisition for the larger numbers of measurements required
for qutrit QST while maintaining accuracy. Lastly, we assume
the distinguishabilities that can undermine the transverse-mode
entanglement do not exist outside the spatial and spectral DOFs.
Although the linear polarizers and a cross-spliced fiber are
employed to compensate any residual polarization and tempo-
ral distinguishabilities in the system (the second PMF in the
cross-spliced PMF corrects for polarization- and transverse-
mode parity-dependent temporal walk-offs introduced in the
first PMF [57]), there is a chance that some unaccounted distin-
guishabilities still remain. As a remedy, extending the technique
to other DOFs, e.g., polarization and time-resolved characteriza-
tion, may be helpful [ 14,65]. Alternatively, we may also consider
a full frequency-resolved transverse-mode stimulated emission
tomography, whose projection measurements naturally account
for all possible distinguishabilities as well as the phases between
different spatial modes. This may produce better estimation,
albeit will lack the information on the source of distinguisha-
bility if it exists outside the spatial and spectral domains. In
addition, the stimulated emission tomography may not capture
parasitic noise processes present at the single-photon level, such
as Raman scattering. Ultimately, all the resolutions presented
here can lead to potential improvements in the numerical model
used in previous works [10—12] to better predict the quantum
state.

5. CONCLUSION

We have applied a stimulated-emission-based characterization
technique to reveal the transverse-mode-frequency relation of
photon pairs created from four-wave mixing processes in few-
mode PMF. We measured the joint spectral intensities and
transverse modes of the stimulated signal while controlling
the pump and seed transverse modes and the seed wave-
length. From these measurement results, we identified FWM
processes predicted by theory and an additional parity birefrin-
gence dispersion parameter ¢ required to explain the spectral
distinguishability between |e.e;) and |o,0;) photon-pair states.
We demonstrated the efficiency of our technique by comparing
with spontaneous measurements for imaging signal transverse
modes. Leveraging the efficiency of stimulated-emission-based
measurement, we demonstrated real-time imaging capability
and investigated the quantum properties of a transverse-
mode entangled photon-pair source. We illustrated how the
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transverse-mode quantum state of the photon pairs can be
estimated from the spatiospectral measurements, specifically
transverse-mode-resolved stimulated JSIs. The estimated den-
sity matrix pg; showed qualitative agreement with that measured
from a standard transverse-mode QST, pqsr. Estimating pge pro-
vided additional information on spectral distinguishability that
can lead to low transverse-mode entanglement.

This stimulated-emission-based spatiospectral characteriza-
tion technique may benefit from a possible extension to a spec-
trally resolved transverse-mode stimulated-emission tomogra-
phy [14,25,27] and joint spectral phase measurement [1,28].
By allowing the diagnosis of potential causes of entanglement
degradation originating from other degrees of freedom, this
method may be utilized to create versatile fiber-based photon-
pair sources with entanglement in frequency and transverse
mode [54,55], as well as transverse-mode-frequency hybrid-
entanglement [10]. We anticipate this stimulated-emission
characterization technique may also be extended beyond few-
mode optical fiber [56,66] to efficiently diagnose and optimize
photon-pair sources in a variety of quantum systems with
high dimensionality [67-71] and different degrees of freedom
[14,16,72,73].
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